
Part I
Eigen TransformationEigen Transformation
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Eigenvalues and Eigenvectors
Let A:XX be a linear transformation. Those vectors
zX, which are not equal to zero, and those scalars
 which satisfy

A(z) =  zA( )

are called eigenvectors and eigenvalues, respectively.

s2

x y = A(x) Can you find an eigenvector
for this transformation?
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Computing the Eigenvalues

Az z=

A  I– z 0= A  I–  0=

Skewing example (45°):

A 1 1=

Skewing example (45°):

1 – 1 0= 1 – 2 0=
 1 1=

A
0 1 0 1 –

0 1 –  0=
 2 1=

1 – 1
0 1 –

z 0
0

= z1
1
0

=21 0=z0 1
0 0

z1
0 1
0 0

z11

z21

0
0

= =

3

For this transformation there is only one eigenvector.



Diagonalization

Perform a change of basis (similarity transformation) using
the eigenvectors as the basis vectors If the eigenvalues arethe eigenvectors as the basis vectors. If the eigenvalues are
distinct, the new matrix will be diagonal.

B z1 z2  zn=
z1 z2    zn{ , } Eigenvectors
1  2    n{ , } Eigenvalues

1 0  0

n


B 1– AB 
0 2  0

0 0  

=

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n



Example

A 1 1
1 1

=

1 – 1
1 1 –

0= 2 2–    2–  0= =
1 0=

2 2=
1 – 1

1 1 –
z 0

0
=

1 1
1 1

z1
1 1
1 1

z11

z21

0
0

= = z21 z11–= z1
1
1–

=1 0=
1 1 1 1 z21 0 1

1– 1 z1
1– 1 z12 0= =2 2= z2

1=z22 z12=
1 1–

1
1 1– z22 0

2
1

1 1 2 1 2 1 1 1 1 0 0

5

A' B 1– AB  1 2 1 2–
1 2 1 2

1 1
1 1

1 1
1– 1

0 0
0 2

= = =Diagonal Form:



Part II
Response SurfacesResponse Surfaces
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Taylor Series Expansion

F x  F x  xd
d F x 

x x=
x x– +=

1
2
---

x2

2

d

d F x 

x x=

x x– 
2 + +

1
n!
-----

xn

n

d

d F x 

x x=

x x– n + +
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Example

F x  e
x–

=

Taylor series of F(x) about x*=0 :

F x  e x– e 0– e 0– x 0–  1
2
---e 0– x 0– 2+– 1

6
---e 0– x 0– 3– += =

Taylor series of F(x) about x*=0 :

2 6

F x  1 x– 1
2
---x 2 1

6
---x3– + +=

F x  F0 x  1=

Taylor series approximations:
  0 

F x  F1 x  1 x–=

8

F x  F2 x  1 x–
1
2
---x

2
+=



Plot of Approximations

6

4

5

3

4

F2 x 

2 F1 x 

0

1
F0 x 
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Vector Case

F x  F x1 x 2  x n   =

 F x  F x  x1
 F x 

x x=
x1 x1–  x2

 F x 
x x=

x2 x2– + +=

 F    1 2 F   
2

xn
 F x 

x x=
xn xn–  1

2
---

x1
2

 F x 
x x=

x1 x1– + + +

1 2     1
2
---

x1 x2
 F x 

x x=
x1 x1–  x2 x2–  + +
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Matrix Form
F x  F x  F x 

T

x x=
x x– +=

11
2
--- x x– 

T
F x 

x x=
x x– 2 + +

2 F x 
2 F x 

2 F x 

Gradient Hessian

F 

x1
 F x 


 F x 

F 2

x1
2

F x  x1 x2
F x   x1 xn

F x 



2


 F x  2

2 F x  


2


 F x F x  x2

 




 F x 

= F x 2 x2 x1
 

x2
2

  x2 xn
 

  

2


2


2


=

11

xn
 

xn x1
 F x  xn x2

 F x  
xn

2

 F x 



Directional Derivatives

F x  xiFirst derivative (slope) of F(x) along xi axis:

2 2

(ith element of gradient)

2F x  x i
2Second derivative (curvature) of F(x) along xi axis:

(i,i element of Hessian)

pT F x 
p

-----------------------First derivative (slope) of F(x) along vector p: p

Second derivative (curvature) of F(x) along vector p: pT
F x 2 p
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Second derivative (curvature) of F(x) along vector p: p  p
p 2

------------------------------



Example

F x  x 1
2 2x 1x2 2 x2

2+ +=

x 0.5
0

= p 1
1–

=

F x 
x x=


x1
 F x 



2x1 2x2+

2x1 4x2+
1
1

= = =
x x

x2
 F x 

x x=

2x1 4x2+
x x=

1

pT F x 
p

-----------------------
1 1–

1
1

------------------------
0

2
------- 0= = =
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p 1
1–
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Plots
Directional
Derivatives
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Minima

Th i * i i i f F( ) if l  0 i

Strong Minimum

The point x* is a strong minimum of F(x) if a scalar >0 exists, 
such that F(x*) < F(x*+x) for all x such that > ||x|| >0.

The point x* is a unique global minimum of F(x) if 

Global Minimum

p q g ( )
F(x*) < F(x* +x) for all x≠0.

The point x* is a weak minimum of F(x) if it is not a strong 
i i d l >0 i t h th t F( *) ≤ F( * +  )

Weak Minimum

15

minimum, and a scalar >0 exists, such that F(x*) ≤ F(x* + x) 
for all x such that > ||x||>0.



Scalar Example

8

F x  3x 4 7x 2– 1
2
---x– 6+=

8

Strong Maximum
6

g

4

2 Strong Minimum

l b l i i

16
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Global Minimum



Vector Example

2

F x  x2 x1–  4 8x 1x2 x1– x2 3+ + +=
2

F x  x 1
2 1.5x 1x2– 2 x2

2+ x1
2=

0

0.5

1

1.5

0

1

-1.5

-1

-0.5

-1
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-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
-2
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8

2

4

6
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First-Order Optimality Condition
F x  F x x+  F x  F x  T

x x=
x+= = 1

2
---xT F x 

x x=
x2 + +

x x x=x x x–=

T

For small x:
T

If x* is a minimum, this implies:

F x x+  F x  F x  T

x x=
x+ F x  T

x x=
x 0

F x  T

x x=
x 0 F x x–  F x  F x 

T

x x=
x – F x If then

But this would imply that x* is not a minimum. Therefore F x 
T

x x=
x 0=

18

Since this must be true for every x, F x 
x x=

0=



Second-Order Condition

F x x+  F x  1
2
---xT F x 


x2 + +=

If the first-order condition is satisfied (zero gradient), then

   
2

 
x x=

xT F x 
x x=

x2 0A strong minimum will exist at x* if for any x ≠ 0.

Therefore the Hessian matrix must be positive definite. A matrix A is positive definite if:
TzT Az 0 for any z ≠ 0.

This is a sufficient condition for optimality.

A necessary condition is that the Hessian matrix be positive semidefinite. A matrix A is 
positive semidefinite if:

19

zT Az 0 for any z.



Example
F x  x1

2 2x1x2 2x2
2 x1+ + +=

F x 
2 x1 2x 2 1+ +

2 x1 4x 2+
0= = x 1–

0.5
=

F x 2 2 2
2 4

= (Not a function of x
in this case.)

To test the definiteness, check the eigenvalues of the Hessian. If the eigenvalues
are all greater than zero, the Hessian is positive definite.g , p

F x 2 I– 2 – 2
2 4 –

2 6– 4+  0.76–   5.24– = = =

20

 0.76 5.24= Both eigenvalues are positive, therefore strong minimum.



Quadratic Functions

F x  1
2
---xTAx dTx c+ += (Symmetric A)

U f l ti f di t

Gradient and Hessian:

hT x  x Th  h= =

T Q Q QT+ 2Q (f i Q)

Useful properties of gradients:

xT Qx Qx QT x+ 2Qx  (for symmetric Q)= =

Gradient of Quadratic Function:

F x  Ax d+=

Q

Hessian of Quadratic Function:

21

F x 2 A=

Hessian of Quadratic Function:



Eigensystem of the Hessian
Consider a quadratic function which has a stationary
point at the origin, and whose value there is zero.

F x  1
2
---xT Ax=

Perform a similarity transform on the Hessian matrix,

B z1 z2  zn=

using the eigenvalues as the new basis vectors.

B 1– BT=

Since the Hessian matrix is symmetric, its eigenvectors
are orthogonal.

A' BTAB 

1 0  0

0 2  0
 A BBT

22

A' B AB  2

  

0 0  n

= = = A BB=



Second Directional Derivative

pT F x 2 p
p 2

------------------------------ pTAp
p 2

---------------=
p p

Represent p with respect to the eigenvectors (new basis):
p Bc=

2
n

pTAp
p 2---------------

cTBT BBT Bc
cTBTBc

--------------------------------------------
cTc
cTc

--------------

ici
2

i 1=


ci
2

n


--------------------= = =

ci
i 1=



pTAp



23

min
p p

p 2--------------- max 



Eigenvector (Largest Eigenvalue)

0
0

p zmax=



c BTp BTzmax
0
1

= = =



0

0
n

zmax
TAzmax

zmax
2--------------------------------

ici
2

i 1=

n



2
n


-------------------- max= = z2

(λmax)

 z1

(λmin)
zmax ci

2

i 1=
 (λmax)

The eigenvalues represent curvature

24

(second derivatives) along the eigenvectors
(the principal axes).



Circular Hollow

F x  x 1
2 x2

2+ 1
2
---xT 2 0

0 2
x= =

F x 2 2 0
0 2

= 1 2= z1
1
0

= 2 2= z2
0
1

=

2

0 2 0

(Any two independent vectors in the plane would work.)

2

4

1

2

1
2

0

1

2
0

2

-1

0

25
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Elliptical Hollow

F x  x 1
2 x1 x2 x2

2+ + 1
2
---xT 2 1

1 2
x= =

F x 2 2 1
1 2

= 1 1= z1
1
1–

= 2 3= z2
1
1

=

2

0

1

1

2

3

-1

-1
0

1
2

-1

0

1

2
0

1
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Elongated Saddle

F x  1
4
---x1

2– 3
2
---x1x2– 1

4
---x2

2– 1
2
---xT 0.5– 1.5–

1.5– 0.5–
x= =

0 5 1 5 1 1F x 2 0.5– 1.5–
1.5– 0.5–

= 1 1= z1
1–

1
= 2 2–= z2

1–
1–

=

0

4

1

2

21

2
-8

-4

-1

0
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Stationary Valley

F x  1
2
---x1

2 x1x2– 1
2
---x2

2+ 1
2
---xT 1 1–

1– 1
x= =

1 1

1 1 1 1F x 2 1 1–
1– 1

= 1 1= z1
1–
1

= z2
1–
1–

=2 0=

1

2

2

3

-1

0

21

2
0

1
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Quadratic Function Summary
• If the eigenvalues of the Hessian matrix are all positive, the 

function will have a single strong minimum.
• If the eigenvalues are all negative, the function will have a 

single strong maximum.
If i l iti d th i l• If some eigenvalues are positive and other eigenvalues are 
negative, the function will have a single saddle point.

• If the eigenvalues are all nonnegative, but some g g ,
eigenvalues are zero, then the function will either have a 
weak minimum or will have no stationary point.
If th i l ll iti b t• If the eigenvalues are all nonpositive, but some 
eigenvalues are zero, then the function will either have a 
weak maximum or will have no stationary point.

29

x A– 1– d=Stationary Point:



Part III 
Performance OptimizationPerformance Optimization
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Basic Optimization Algorithm

xk 1+ xk kpk+=

x k xk 1+ x k–  kpk= =

or

x k

xk

x k 1+
kpk

pk - Search Direction

31

k - Learning Rate



Steepest Descent

F x k 1+  F xk 

Choose the next step so that the function decreases:

F xk 1+  F xk x k+  F xk  gk
T x k+=

For small changes in x we can approximate F(x):

k 1+ k k k gk k

g k F x 
x x



where
k x xk=

T


T
0

If we want the function to decrease:
g k x k  kg kpk 0=

pk g– k=
We can maximize the decrease by choosing:

32

pk gk

x k 1+ xk kg k–=



Example

F x  x1
2 2 x1x 2 2x 2

2 x1+ + +=

x0
0.5
0.5

=  0.1=

F x 
x1
 F x 

 F x 

2x1 2x2 1+ +

2x1 4x2+
= = g0 F x 

x x0=
3
3

= =

x2
F x 

0 5 3 0 2x 1 x 0 g 0– 0.5
0.5

0.1 3
3

– 0.2
0.2

= = =

33

x2 x1 g1– 0.2
0.2

0.1 1.8
1.2

– 0.02
0.08

= = =



Plot

2

1

0

-1-1

34

-2 -1 0 1 2
-2



Stable Learning Rates (Quadratic)
F x  1

2
---xTAx dTx c+ +=

F x  Ax d+=

x k 1+ xk  gk– x k  Ax k d+ –= = xk 1+ I A– x k d–=

Stability is determined
by the eigenvalues of

this matrix.

I A– zi z i Az i– z i iz i– 1 i– z i= = =

Eigenvalues( i l f A) Eigenvalues 
of [I - A].

Stability Requirement:

(i - eigenvalue of A)

35

1  i–  1  2
i
---- 

2
max
------------

Stability Requirement:



Example

A 2 2
2 4

= 1 0.764=  z1
0.851
0.526–

=
 
 
 


 
 
 

2 5.24 z2
0.526
0.851

=
 
 
 

=
 
 
 




2

max
------------ 2

5.24
---------- 0.38= =

 0 37  0 39
2 2

 0.37=  0.39=

0

1

0

1

-1

0

-1

0
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Minimizing Along a Line

F xk kpk+ Choose k to minimize

d
dk
--------- F xk kpk+ ( ) F x  T

x xk=
pk kpk

T F x 2
x xk=

pk+=

k

F x  T

x x k=
pk

T
------------------------------------------------–  

g k
Tpk

T
--------------------–= =k

pk
T F x 2

x xk=
pk pk

T Akpk

h

Ak F x 2
x xk=



where

37



Example

F x  1
2
---xT 2 2

2 4
x 1 0 x+= x0

0.5
0 5

=
2 4 0.5

 F x 
F x 

x1
F x 

x2
 F x 

2x1 2x2 1+ +

2x1 4x2+
= = p0 g– 0 F x – x x0=

3–
3–

= = =

3

0

3 3
3–
3–

3 3
2 2 3–

--------------------------------------------– 0.2= = x1 x0 0g0– 0.5
0.5

0.2 3
3

– 0.1–
0.1–

= = =

38

3– 3–
2 4 3–



Plot
2

Contour Plot

S i h l

1

Successive steps are orthogonal.

-1

0x2

-2 -1 0 1 2
-2

-1

kd
d F xk kpk+ 

kd
d F x k 1+  F x 

T

x xk 1+= kd
d xk kpk+ = =

-2 -1 0 1 2
x1

39

F x 
T

x xk 1+=
pk gk 1+

T pk= =



Newton’s Method

F xk 1+  F xk xk+  F xk  g k
T
x k

1
2
---xk

T Akx k+ +=

Take the gradient of this second-order approximation
and set it equal to zero to find the stationary point:

gk Akxk+ 0=

q y p

x k Ak
1–– g k=

xk 1+ xk Ak
1– gk–=
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Example

F x  x1
2 2 x1x 2 2x 2

2 x1+ + +=

x0
0.5
0.5

=

F x 
x1
 F x 



2x1 2x2 1+ +

2x 4x+
= =

g0 F x 
x x0=

3
3

= =

x2
 F x  2x1 4x2+

A 2 2
2 4

=

x1
0.5
0 5

2 2
2 4

1–
3
3

– 0.5
0 5

1 0.5–
0 5 0 5

3
3

– 0.5
0 5

1.5
0

– 1–
0 5

= = = =
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0.5 2 4 3 0.5 0.5– 0.5 3 0.5 0 0.5



Plot

2

1

0

1

0

-1
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Non-Quadratic Example
F x  x2 x1– 

4
8x 1x2 x1– x2 3+ + +=

1 0 42– 2 0 13– 3 0 55x1 0.42
0.42

= x2 0.13
0.13

= x3 0.55
0.55–

=Stationary Points:

F(x) F (x)
2 2

F(x) F2(x)

0

1

0

1

-1

0

-1

0
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Different Initial Conditions

1

2

1

2

1

2

0

1

0

1

F(x) 0

1

-2 -1 0 1 2
-2

-1

-2 -1 0 1 2
-2

-1

-2 -1 0 1 2
-2

-1

1

2

1

2

1

2

-1

0

-1

0F2(x)

-1

0
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Conjugate Vectors

F x 
1
2
---xTAx dTx c+ +=

A set of vectors is mutually conjugate with respect to a positive
definite Hessian matrix A if

pk
TAp j 0= k j

One set of conjugate vectors consists of the eigenvectors of A.

zk
T Az j  jzk

T z j 0      k j= =

45

(The eigenvectors of symmetric matrices are orthogonal.)



For Quadratic Functions

F x  Ax d+=

F x 2 A=

The change in the gradient at iteration k is
g k gk 1+ g k– Ax k 1+ d+  Axk d+ – A xk= = =

where
xk xk 1+ xk–  kpk= =

The conjugacy conditions can be rewritten

kpk
T Apj xk

T
 Apj gk

T
 p j 0= = = k j

e co jugacy co d t o s ca be ew tte

46

This does not require knowledge of the Hessian matrix.



Forming Conjugate Directions

Choose the initial search direction as the negative of the gradient.
p0 g0–=

pk gk– kpk 1–+=

Choose subsequent search directions to be conjugate.

gT g gTg gT g

where

 k
gk 1– gk

g k 1–
T

 pk 1–

-----------------------------= k
g kg k

g k 1–
T gk 1–

-------------------------= k
g k 1– gk

g k 1–
T gk 1–

-------------------------=or or
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Conjugate Gradient algorithm
• The first search direction is the negative of the gradient.

p0 g0–=

• Select the learning rate to minimize along the line.

p0 g0

T

k  
F x  T

x x k=
pk

pk
T F x 2

x xk=
pk

------------------------------------------------–  
g k

Tpk

pk
T Akpk

--------------------–= = (For quadratic
functions.)

• Select the next search direction using

pk gk– kpk 1+=

• If the algorithm has not converged, return to second step.

pk gk kpk 1–+

48

• A quadratic function will be minimized in n steps.



Example

F x  1
2
---xT 2 2

2 4
x 1 0 x+= x0

0.5
0 5

=
2 4 0.5

 F x 
F x 

x1
F x 

x2
 F x 

2x1 2x2 1+ +

2x1 4x2+
= = p0 g– 0 F x – x x0=

3–
3–

= = =

3

0

3 3
3–
3–

3 3
2 2 3–

--------------------------------------------– 0.2= = x1 x0 0g0– 0.5
0.5

0.2 3
3

– 0.1–
0.1–

= = =
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Example

g 1 F x 
x x1=

2 2
2 4

0.1–
0.1–

1
0

+ 0.6
0.6–

= = =


g1

T g1
0.6 0.6–

0.6
0.6– 0 72 0 041

g1 g1

g0
T g0

------------

3 3
3
3

----------------------------------------- 0.72
18

---------- 0.04= = = =

p1 g1– 1p0+ 0.6–
0.6

0.04 3–
3–

+ 0.72–
0.48

= = =

1

0.6 0.6–
0.72–

0.48
---------------------------------------------------------------– 0.72–

0 576
-------------– 1.25= = =
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1

0.72– 0.48
2 2
2 4

0.72–
0.48

0.576



Plots

x2 x1 1 p1+ 0.1–
0.1–

1.25 0.72–
0.48

+ 1–
0.5

= = =

2
Contour Plot

2

Conjugate Gradient Steepest Descent

11

0x20

-1-1
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